Abstract An integer a is said to be regular (mod r) if there exists an integer x such that a 2 x ≡ a (mod r). In this paper we introduce an analogue of Ramanujan's sum with respect to regular integers (mod r) and show that this analogue possesses properties similar to those of the usual Ramanujan's sum.
Introduction
An element a in a ring R is said to be regular (following von Neumann) if there exists x ∈ R such that axa = a. An integer a is said to be regular (mod r) if there exists an integer x such that a 2 x ≡ a (mod r). A regular integer (mod r) is regular in the ring Z r in the sense of von Neumann. An integer a is invertible (mod r) if (a, r) = 1. It is clear that each invertible integer (mod r) is regular (mod r). Euler's function φ(r) counts the number of invertible integers (mod r). The function ̺(r) counts the number of regular integers (mod r) between 1 and r and thus ̺(r) is an analogue of Euler's φ-function with respect to regular integers (mod r). Regular integers (mod r) and the function ̺(r) have been studied, for example, in [1, 30, 31 ].
Ramanujan's [18] sum c r (n) is defined as (1) c r (n) = a (mod r) (a,r)=1
exp(2πian/r).
In this paper we introduce an analogue of Ramanujan's sum with respect to regular integers (mod r) and show that this analogue possesses properties similar to those of the usual Ramanujan's sum. We study convolutional expressions, even functions (mod r), discrete Fourier transform, identities, multiplicativity, mean values and Dirichlet series. Throughout the paper we compare the properties of this analogue of Ramanujan's sum with the properties of the usual Ramanujan's sum. Analogues of Ramanujan's sum with respect to regular integers (mod r) have not hitherto been studied in the literature.
Definition and convolutional expressions
We define the analogue of Ramanujan's sum with respect regular integers (mod r) as (2) c r (n) = a (mod r) a regular (mod r) exp(2πian/r), where n ∈ Z and r ∈ N.
The usual Ramanujan's sum can be written as
which may be considered a convolutional expression of c r (n) with respect to n or r. Convolutional expressions of c r (n) with respect to n and r are presented in Theorems 2.1 and 3.1. In these expressions we need the concept of a unitary divisor. A divisor d of n is said to be a unitary divisor of n (written as d n) if (d, n/d) = 1. The unitary convolution of arithmetical functions f and g is defined as
For material on unitary convolution we refer to [7, 15, 22, 26] . We will use that a is regular (mod r) if and only if (a, r) r.
Let r ∈ N be fixed. Let g r denote the characteristic function of the unitary divisors of r, that is, g r (n) = 1 if n r, and g r (n) = 0 otherwise. Then g r (n) is multiplicative in n. Let µ r denote the function defined by
where * is the Dirichlet convolution and 1(n) = 1 for all n ∈ N. Then µ r (n) is multiplicative in n given as follows:
Proof. Since a is regular (mod r) if and only if (a, r) r, see [30] , we have
Remark 2.1. Let η r denote the arithmetical function defined as η r (n) = n if n | r, and η r (n) = 0 otherwise. Theorem 2.1 can be written as
Remark 2.2. Theorem 2.1 gives a convolutional expression of c r (n) with respect to the variable n.
where τ (n) is the number of divisors of n.
Proof. Using Theorem 2.1 we obtain
Since 1 * 1 = τ , we obtain Corollary 2.1.
We later need the following lemma involving the function µ r .
Proof. We have
Even functions (mod r)
Let r ∈ N be fixed. A function f : Z → C is said to be r-periodic or periodic (mod r) if f (n) = f (n+r) for all n ∈ Z. A function f : Z → C is said to be r-even or even (mod r) if f (n) = f ((n, r)) for all n ∈ Z. Each r-even function is r-periodic. Ramanujan's sum c r (n) is an example of an r-even function. It is easy to see on the basis of Theorem 2.1 that c r (n) is also an r-even function. For material on r-periodic and r-even functions we refer to [4, 6, 11, 13, 15, 21, 23, 24, 26, 27, 29] . The discrete Fourier transform (DFT) of an r-periodic function f is the function f : Z → C defined by
Each r-even function f can be represented as
see [13] . The Cauchy convolution of r-periodic functions f and g is given by
It is well known that the Cauchy convolution f ⊗ g of two r-even functions f and g is also r-even and
Example 3.1. Let δ r denote the characteristic function of the regular integers modulo r, that is, δ r (n) = 1 if n is regular modulo r (i.e. if (n, r) r, see [30] ), and δ r (n) = 0 otherwise. By the definition (6) of DFT it is easy to see that
Let δ r denote the Kronecker function, that is, δ r (n) = 1 if (n, r) = 1, and δ r (n) = 0 otherwise. Then
These properties of Kronecker's function and Ramanujan's sum are well known [11, 23] .
Example 3.2. Let N r,u (n) denote the number of solutions of the congruence
such that each x i is regular (mod r). Then
and
We obtain
The function N r,2 may be considered an analogue of Nagell's function θ r under regular integers and therefore could be denoted as N r,2 = θ r . Thus
The analogous results involving Ramanujan's sum are as follows [10, 11, 15, 16, 27] . Let N r,u (n) denote the number of solutions of the congruence
with (x k , r) = 1, k = 1, 2, . . . , u. Then
Nagell's totient is given as θ r = N r,2 . Thus
Example 3.3. If f and g are even (mod r), then (10) can be written as
Let g = δ r . Then g = c r and therefore
In particular, if f (n) = c r (n), then f (n) = rδ r (n) and therefore a (mod r) a regular (mod r) c r (n − a) = c r (1)c r (n) = µ(r)c r (n), for µ, see Remark 3.1. The analogous results for the sums over reduced residue systems are [10, 15] a (mod r) (a,r)=1
Proof. Taking f = c r in (7) and using Example 3.1 we obtain
which proves Theorem 3.1. This follows also from the definition of c r (n) by grouping the terms according to the values (a, r) = d r.
Remark 3.1. For n = 0 we have c r (0) = ̺(r). For n = 1 we obtain an analogue of the Möbius function as
which is the characteristic function of the squareful positive integers. For the usual Ramanujan's sum we have c r (0) = φ(r) and c r (1) = µ(r).
Remark 3.2. Theorem 3.1 gives a convolutional expression of c r (n) with respect to the variable r.
In fact, Theorem 3.1 can be written as
For n = 0 we obtain the known relation ̺ = φ ⊕ 1.
As a consequence of Theorem 3.1 we obtain another convolutional expression of c r (n) with respect to the variable r.
where σ * (k) (m) is the sum of those unitary divisors a of m for which the complementary divisor m/a is prime to k and where (n, m) * = max{d : d | n, d m}.
Proof. From Theorem 3.1 we obtain
Taking n = r in Theorem 3.2 we obtain a new convolutional expression for ̺(r).
Remark 3.3. Applying Theorem 3.1 and known results on Ramanujan's sum we can derive results for c r (n). As examples we present the following. It is well known [15] that for s, t | r,
Taking n = 0 we obtain for s, t | r,
Analogous results for c r (n) are (13) a+b≡n (mod r)
a (mod r)
where s, t | r and (s, t) * * stands for the greatest common unitary divisor of s and t. In order to prove (13) we apply Theorem 3.1 to obtain Now, applying (11) we get (13) . Taking n = 0 in (13) gives (14) . Equations (15) and (16) follows in a similar way. Equations (13) and (15) could also be proved applying an analogue of (10) 
Applications of the Parseval formula
We present an analogue of the Parseval formula [17] in harmonic analysis and its consequences. In fact, if f is r-periodic, then For u = 2 i.e. for f = θ r we have
Analogous results for Ramanujan's sum are
c r (n) 4 .
Multiplicative functions
An arithmetical function f : N u → C of u variables is said to be Selberg multiplicative in n 1 , n 2 , . . . , n u if for each prime p there exists F p : N u 0 → C with F p (0, 0, . . . , 0) = 1 for all but finitely many p such that
for all n 1 , n 2 , . . . , n u ∈ N. Here ν p (n) is the exponent of p in the canonical factorization of n. Note that if f is Selberg multiplicative in n 1 , n 2 , . . . , n u , then f is Selberg multiplicative in any nonempty subset of the set of variables n 1 , n 2 , . . . , n u . An arithmetical function f : N u → C of u variables is said to be multiplicative in n 1 , n 2 , . . . , n u if f (1, 1, . . . , 1) = 1 and
for all n 1 , n 2 , . . . , n u ∈ N and m 1 , m 2 , . . . , m u ∈ N with (n 1 n 2 · · · n u , m 1 m 2 · · · m u ) = 1. Multiplicative functions f are Selberg multiplicative with
).
An arithmetical function f : N → C (of one variable) is said to be semimultiplicative if
for all m, n ∈ N, where (m, n) and [m, n] stand for the gcd and lcm of m and n. It is known that an arithmetical function f (not identically zero) is semimultiplicative if and only if there exists a nonzero constant c f , a positive integer a f and a multiplicative function f m such that
for all n ∈ N. (We interpret that the arithmetical function f m possesses the property that f m (x) = 0 if x is not a positive integer.) Note that c f = f (a f ). We will take a f as the smallest positive integer k such that f (k) = 0. Further, it is known that an arithmetical function (of one variable) is Selberg multiplicative if and only if it is semimultiplicative. A semimultiplicative function f : N → C not identically zero possesses a Selberg expansion as
Semimultiplicative functions f with f (1) = 0 are known as quasimultiplicative functions. Quasimultiplicative functions f possess the property f (1)f (mn) = f (m)f (n) whenever (m, n) = 1. Semimultiplicative functions f with f (1) = 1 are the usual multiplicative functions. For material on Selberg multiplicative and semimultiplicative functions we refer to [5, 9, 14, 19, 20, 25, 26] .
We here present some multiplicative properties of the analogue of Ramanujan's sum with respect to regular integers (mod r). Similar results for the usual Ramanujan's sum are given at the end of this section. We begin with a general theorem on multiplicative r-even functions.
Theorem 5.1. Let f (n, r) be an arithmetical function of two variables. If for each r ≥ 1, f (n, r) is r-even as a function of n and if for each n ≥ 1, f (n, r) is multiplicative in r, then f (n, r) is multiplicative as a function of two variables r and n (∈ N).
Proof. Let (mr, ns) = 1. Then
The proof is completed.
is multiplicative as a function of two variables r and n (∈ N).
Proof.
(1) According to Theorem 3.1 we know that c r (n) in r is the unitary convolution of Ramanujan's sum c r (n) in r and the constant function 1(r). Since these functions are multiplicative in r and the unitary convolution of two multiplicative functions is multiplicative [15] , we see that c r (n) is multiplicative in r.
(2) We utilize Remark 2.1. The functions η r (n) and 1(n) are multiplicative in n and therefore they are semimultiplicative in n. We show that the function µ r r/n is semimultiplicative in n. In fact,
where µ r (x) = 0 if x is not a positive integer, that is, µ r p νp(r)−νp(n) = 0 if ν p (r) − ν p (n) < 0. This shows that µ r r/n is Selberg multiplicative in n, which means that µ r r/n is semimultiplicative in n. The usual product and the Dirichlet convolution of semimultiplicative functions is semimultiplicative [19] . Therefore c r (n) is semimultiplicative in n.
(3) This follows directly from Theorem 5.1.
Remark 5.1. We know that c r (n) is multiplicative in r. Its values at prime powers r = p k are given as
Note that for n = 0 we have ̺(
Remark 5.2. We know that c r (n) is semimultiplicative in n (∈ N). The smallest value of n (∈ N) for which c r (n) = 0 is n = p r p. In fact, by multiplicativity in r we have 1 is the smallest value of n (∈ N) for which c r (n) = 0. The function value of c r (n) at n = p r p is also p r p. This implies that c r (n) is multiplicative in n if and only if r is squareful or r = 1. We could also show that µ r r/n is semimultiplicative in n such that n = p r p is the smallest value of n for which µ r r/n = 0, and then obtain properties of c r (n) in n using Remark 2.1.
Remark 5.3. Ramanujan's sum c r (n) is multiplicative as a function of two variables r and n (∈ N), multiplicative in r and semimultiplicative in n (∈ N), see [2, 9, 28] . The smallest value of n (∈ N) for which c r (n) = 0 is n = r/γ(r), where γ(r) is the product of the distinct prime factors of r. This follows from the property
Ramanujan's sum c r (n) is quasimultiplicative in n (∈ N) if and only if r is squarefree. It is multiplicative in n (∈ N) if and only if r is squarefree and ω(r) is even, where ω(r) is the number of distinct prime factors of r. This follows from the property [15, p. 90] (25) c r (m)c r (n) = µ(r)c r (mn) if (m, n) = 1.
Remark 5.4. It is known [26] that if f (n, r) is multiplicative as a function of two variables, then for any r ≥ 1, f (m, r)f (n, r) = f (1, r)f (mn, r) whenever (m, n) = 1. Taking f (n, r) = c r (n) gives (25) and taking f (n, r) = c r (n) gives an analogue of (25) as
This implies that c r (n) is multiplicative in n if and only if r is squareful or r = 1, see also Remark 5.2.
Mean values
The mean value of an arithmetical function f is m(f ) = lim x→∞ 1 x n≤x f (n) if this limit exists. (Here n runs through the integers from 1 to [x] .) It is known that n≤x c r (n) = O(1) for r > 1. Thus the mean value of the function c r (·) is 0 for r > 1, see [29] . We here present an analogous result for c r (·). 
Since d|r µ r (r/d) = g r (r) = 1 and 0 ≤ {x/d} < 1, we obtain the result. In a similar way n≤x c r (n) = δ r (r)x = 0 for 1 < r | x ∈ N, see [3] .
Dirichlet series
For Ramanujan's sum we have (27) ∞ n=1 c r (n) n s = φ 1−s (r)ζ(s) for Re(s) > 1, where φ t (r) = d|r d t µ(r/d), see [15, 32] . A similar result holds for the analogue of Ramanujan's sum with respect to regular integers (mod r). Finally we present the Dirichlet series of the generalized Möbius function µ r (n). Let φ
